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ABSTRACT 
Laser frequency stabilisation in the telecommunications band was realised using the Pound-Drever-Hall (PDH) error 
signal. The transmission spectrum of the Fabry-Perot cavity was used as opposed to the traditionally used reflected 
spectrum. A comparison was done using an analogue as well as a digitally implemented system. This study forms part of 
an initial step towards developing a portable optical time and frequency standard.  
The frequency discriminator used in the experimental setup was a fibre-based Fabry-Perot etalon. The phase sensitive 
system made use of the optical heterodyne technique to detect changes in the phase of the system. A lock-in amplifier 
was used to filter and mix the input signals to generate the error signal. This error signal may then be used to generate a 
control signal via a PID controller. An error signal was realised at a wavelength of 1556 nm which correlates to an 
optical frequency of 1.926 THz. An implementation of the analogue PDH technique yielded an error signal with a 
bandwidth of 6.134 GHz, while a digital implementation yielded a bandwidth of 5.774 GHz. 
Keywords: Pound-Drever-Hall, laser frequency stabilisation, Fabry-Perot, heterodyne, modulation 
1. INTRODUCTION 
The frequency of an emitted spectrum from a laser is affected by the cavity length, a 1% change in the cavity length will 
cause a change in the optical frequency in the order of hundreds of GHz 
[1]
. Such changes in cavity length may be caused 
by a: 
 change in ambient temperature; 
 vibrations; and 
 an unstable piezo-electric transducer which controls the cavity. 
Using lasers with such frequency instabilities introduces large uncertainties and inefficiencies into the system within 
which they are utilised. An optical frequency standard  assist industries in Southern Africa, for example: 
 Accurate frequency distribution for the square kilometre array and Meerkat telescopes. 
 Interferometers used for mine surveying as well as length or dimensional calibration. 
 Calibration and measurement of optical equipment. 
 Accurate channel allocation in the fibre communication field[2][3]. 
 Radio telescopes for astronomy[4][5]. 
The PDH technique was chosen over other stabilisation techniques 
[6][7][8][9] 
due to its flexibility and ease of use. The 
PDH technique is flexible in that it may be used at a wide range of wavelengths, for example, 516 nm 
[10]
 and 1556 nm. 
It may also be used with reflective and transmittive frequency discriminators. A common practice when using a Fabry-
Perot etalon is to utilise the reflected beam in order to generate an error signal 
[10]
 ,however, in this study the  transmitted 
beam from a Fabry-Perot cavity was used to determine the PDH-error signal. 
Fourth Conference on Sensors, MEMS, and Electro-Optic Systems, edited by Monuko du Plessis, Proc. of SPIE
Vol. 10036, 100360Y · © 2017 SPIE · CCC code: 0277-786X/17/$18 · doi: 10.1117/12.2242627
Proc. of SPIE Vol. 10036  100360Y-1
Downloaded From: http://proceedings.spiedigitallibrary.org/ on 02/14/2017 Terms of Use: http://spiedigitallibrary.org/ss/termsofuse.aspx
  
 
2. MATHEMATICAL REPRESENTATION OF THE POUND-DREVER HALL TECHNIQUE 
USED. 
The block diagram of the PDH system used is shown in figure 1. 
 
 
 
 
 
 
 
A narrow linewidth laser beam passes through an isolator. The isolator is used to minimize back reflections as these can 
cause the laser’s optical frequency to destabilise or even cause permanent damage to the laser [11][12].The phase modulator 
is used to modulate the laser beam at 1 MHz. The electric field of the beam after modulation is represented as follows: 
𝐸 = 𝐽0(𝛽)𝑒
𝑖𝜔𝑐𝑡 + 𝐽1(𝛽)𝑒
𝑖(𝜔𝑐+𝜔𝑚)𝑡 − 𝐽1(𝛽)𝑒
𝑖(𝜔𝑐−𝜔𝑚)𝑡,   (1) 
Where: 𝜔𝑐 = carrier frequency, 
𝜔𝑚 = modulation frequency, 
 𝛽 = modulation depth. 
 
The output field is governed by the Bessel function of the first kind. The modulation depth was less than 1 (β ˂˂1), and 
it is assumed that only the first order sidebands existed. The phase modulated beam then entered the Fabry-Perot cavity, 
where it underwent changes to its electric field. An unmodulated beam entering the cavity has an electric field as shown 
in equation 2: 
𝐸𝑖𝑛𝑐 = 𝐸0𝑒
𝑖𝜔𝑡 ,     (2) 
and the corresponding transmitted beam will be 
𝐸𝑡𝑟𝑎 = 𝐸𝑇𝑒
𝑖𝜔𝑡  ,     (3) 
where 𝐸0 and 𝐸𝑇 are the amplitudes of their respective beams, 
𝑡 = time, 
𝜔 = optical frequency. 
 
The electric field encountered a phase shift while travelling through the cavity, and the relative phase difference between 
the incident and transmitted beam are 
𝐸𝑇 =
𝑡𝑐
2𝑒
−𝑖
𝛿
2
1−𝑟𝑐
2𝑒−𝑖𝛿
𝐸0,      (4) 
where:  𝛿 = 2𝑘𝑑, 
𝑡𝑐  and 𝑟𝑐  are the transmission and reflective coefficients respectively.   
 
The round trip phase difference (𝛿) is a function of the wave number (𝑘), and distance(𝑑), between the etalon mirrors. 
With the use of wave theory, the phase difference may be represented as a function of frequency and is simplified as 
shown in equation 5 
𝛿 =
4𝜋𝑓
𝑐
𝑑,      (5) 
where:𝑓 =frequency of the input beam, 
𝑐 =speed of light in a vacuum. 
 
Equation 5 was further simplified to include the free spectral range (FSR) of the etalon as shown: 
     Figure 1: Block diagram of the PDH system used to achieve an error signal 
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𝛿 =
2𝜋𝑓
𝑓𝐹𝑆𝑅
,       (6) 
substituting equation 6 into equation 4 results in: 
𝐸𝑇 =
𝑡2𝑒
−𝑖(
𝜋𝑓
𝑓𝐹𝑆𝑅
)
1−𝑟2𝑒
−𝑖(
2𝜋𝑓
𝑓𝐹𝑆𝑅
)
𝐸0.      (7) 
 
Equation 7 depicts the relationship that exists between the FSR of a cavity, the input frequency and the transmitted 
electric field. The modulated electric field, which is transmitted through the cavity, can thus be given as follows: 
 
𝐸𝑡𝑟𝑎 = 𝐸0[𝐹(𝜔𝑐)𝐽0(𝛽)𝑒
𝑖𝜔𝑐𝑡 + 𝐹(𝜔𝑐 + 𝜔𝑚)𝐽1(𝛽)𝑒
𝑖(𝜔𝑐+𝜔𝑚)𝑡 − 𝐹(𝜔𝑐 − 𝜔𝑚)𝐽1(𝛽)𝑒
𝑖(𝜔𝑐−𝜔𝑚)𝑡].     (8) 
 
The signal at the photodetector was: 
𝑃𝑡𝑟𝑎 = 𝑃𝑐|𝐹(𝜔𝑐)|
2 + 𝑃𝑠{|𝐹(𝜔𝑐 + 𝜔𝑚)|
2 + |𝐹(𝜔𝑐 − 𝜔𝑚)|
2} + 𝐸0
2{[(𝑥 − 𝑦)𝑐𝑜𝑠𝜔𝑚𝑡 + 𝑖(𝑥 − 𝑦)𝑠𝑖𝑛𝜔𝑚𝑡] + [𝑚𝑐𝑜𝑠2𝜔𝑐𝑡 +
𝑖𝑚𝑠𝑖𝑛2𝜔𝑐𝑡]},            (9) 
where: 𝑥 = 2(𝐹(𝜔𝑐)𝐹(𝜔𝑐 + 𝜔𝑚)𝐽0(𝛽)𝐽1(𝛽)), 
𝑦 = 2(𝐹(𝜔𝑐)𝐹(𝜔𝑐 − 𝜔𝑚)𝐽0(𝛽)𝐽1(𝛽)). 
   
Due to the bandwidth of the photodetector, the direct current (DC) signal, and the signal occurring at the modulation 
frequency are retained. Also due to the fact that the modulation frequency is relatively low (1 MHz), the 𝑐𝑜𝑠𝜔𝑚𝑡 term is 
dominant
[13] 
.The  lock-in amplifier is used to extract the information contained in the signal at modulation. The lock-in 
amplifier mixes the signal obtained from the photodetector with the signal obtained from the signal oscillator.  
Mixing two signals is basically a multiplication of those two signals, thus: 
 
[sin(𝜔1𝑡 + 𝜃1)][sin(𝜔2𝑡 + 𝜃2)] = 0.5[cos(𝜔1𝑡 + 𝜃1 − 𝜔2𝑡 − 𝜃2) − cos(𝜔1𝑡 + 𝜃1 + 𝜔2𝑡 + 𝜃2)].       (10) 
 
Since the local oscillator is used to generate the modulating signal and the mixing signal, the frequencies are identical. 
This leads to a signal with a DC component and another component at double the modulating frequency, as shown in 
figure 2a. The lock-in amplifier is used to filter  the high-frequency component leaving, only the DC component, as 
shown in figure 2b. The amplitude of the DC component provides the PDH error signal. 
 
 
 
 
 
 
 
 
 
 
3. RESULTS 
 A tuneable laser source with a line width of 100 KHz at 1556.00 nm was used as the wavelength of the transmission 
spectrum and applied to the  fibre-based phase modulator. The modulator was characterised using a Mach-Zehnder 
     Figure 2a: Resultant FFT of mixing two 1 MHz signals Figure 2b: FFT of mixed signal after passing through a lowpass filter 
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interferometer. The characterisation revealed that a voltage of 3.6 V applied to the modulator would allow a phase shift 
of 180̊.  
After modulation, a fibre-based Fabry-Perot etalon was used as a frequency discriminator. A voltage of 9.69 V was used 
to drive the filter and match the transmission frequency/spectrum of the etalon. This ensured that the light from the 
1556.00 nm laser source could be transmitted through the filter. The cavities FSR was experimentally obtained to be 
8700.37 GHz , while the full-width half-maximum (FWHM) frequency was calculated to be 43.50 GHz. 
The detected signal at the photo-detector was mixed with the 1 MHz modulating signal to create a signal containing a 
DC and a 2 MHz component. The objective was to retain the DC signal. This was achieved using a low-pass filter. 
Analogue circuits were used to filter and amplify the signal from the photodetector. The lock-in amplifier was used to 
mix the modulating signal and signal from the photodetector, it was also used to filter the PDH error signal. The DC 
signal obtained from the lock-in amplifier is the PDH error signal. 
 
From equation 5, the phase is a function of the input optical frequency, hence, if the input optical frequency changes, the 
phase changes. From equation 10, it is clear that the change in amplitude of the mixed signals is a function of the phase. 
Therefore, the amplitude of the DC output from the filter changed as the optical frequency changed. In order to obtain 
the PDH error signal, the laser’s optical frequency was scanned through the linewidth of the Fabry-Perot etalon. The 
optical frequency was allowed to dither through a 49.56 GHz cycle moving at 500.00 pm/s. The 49.56 GHz range was 
chosen to allow for a full PDH error signal to be obtained as show in figure 3a and 3b. 
 
 
 
 
 
 
 
 
 
 
Using the starting time and completion time shown in figure 3a, as well as the sweep rate of the laser, the bandwidth of 
the full error signal was calculated as follows: 
 
𝜆𝑑𝑖𝑓𝑓 = 0.498 𝑠 ×  500 𝑝𝑚/𝑠 =  249.00 𝑝𝑚.    (12) 
In terms of frequency, the error signal’s full bandwidth was 30.853 GHz. However, only the signal starting at the 
minimum amplitude, passing through the zero point, and reaching the maximum amplitude is used for locking as shown 
in figure 3b. The useful bandwidth of the PDH error signal was calculated to be 6.13 GHz. Thus the system may achieve 
a stability of ±3.07 GHz around the chosen optical carrier frequency of 192.67 THz.  
A digital implementation of the PDH technique was also implemented and compared to the analogue implementation. 
The digital implementation would replace the analogue circuitry and off-the-shelf lock-in amplifier. The advantage of 
this would be a reduction in size, which is a key commodity when developing a portable time and frequency standard. 
There are also other additional benefits to using a digital system which are: 
 Reduction in low-frequency noise. 
 Higher accuracy and reliability. 
 Ease at which filter parameters can be changed. 
Figure 3a: One full PDH error signal Figure 3b: Useful bandwidth of the PDH error signal 
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Analogue/Lock-in Amplifier
Digital
The use of a digital system may also enable remote system analyses. The digital implementation of the PDH technique 
was done using the same system parameters, however, the mixing, filtering and amplification were all done using an 
FPGA board. The programming of the board was done via National Instrument’s Labview™. The PDH error signal 
obtained from the digital implementation is superimposed on the one obtained from the analogue/off the shelf lock-in 
amplifier in figure 4 
.  
 
 
 
 
 
 
 
 
 
From figure 4, it is clear that the digital implementation error signal is less noisy. This then translates into a better system 
performance, as can be seen in table 1. 
 
     Table 1: Table of comparison 
 Digital Analog/Lock-in Amplifier 
 GHz pm GHz pm 
Full PDH error signal 16.19 237.60 30.85 249.00 
PDH error signal bandwidth 5.77 46.60 6.13 49.50 
Stability achieved around (192.67 THz or 1556.00 nm)        ±2.89 23.30 ±3.07 24.75 
From table 1, it becomes apparent that the digital implementation improves the system, as the final stability is improved 
by 0.18 GHz. This improvement is due to the reduction of noise in the system, resulting in a much smoother error signal. 
The results obtained are shown in Table 1, the best stability achieved is 2.89 GHz. The transmission beam from the 
cavity was used to obtain the PDH error signal. The digital implementation was also implemented and yielded a usable 
error signal. In order to improve on this proof of concept, a frequency discriminator with a smaller FSR, narrower 
linewidth and a higher finesse must be used. Also, a higher phase modulation may be chosen to obtain a more robust 
signal. However, the clock speed of the digital board has to be taken into consideration for sampling reasons. 
4. CONCLUSION 
Literature research done into various types of laser frequency stabilisation techniques showed that one of the most 
popular techniques was the PDH technique due mainly to its versatility. Further research was done, regarding this 
technique to verify if it was able to assist in the development of an optical standard. Equations were derived to 
mathematically show that it is possible to utilize the transmission spectrum of the Fabry-Perot cavity for laser frequency 
stabilisation. The system was tested and an error signal of 6.13 GHz, was obtained. This means that a stability of ±3.07 
GHz, around an optical frequency of 192.67 THz, was achieved. Further improvements were made using a digital 
system, achieving a final system stability of 2.89 GHz. 
     Figure 4: Digital  PDH error signal superimposed on the PDH error signal obtained using the Analog/Lock-in amplifier 
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Further investment in optical equipment, digital boards and a frequency discriminator need to take place in order to 
achieve stabilities at a level in the hundreds of hertz region. Work presented here forms a stepping stone in achieving a 
portable time and frequency standard. Further studies need to be carried out, regarding, the type of frequency 
discriminator to be used, and how to integrate this frequency discriminator into the PDH system. This frequency 
discriminator would need to have a narrower and more stable linewidth, for example, a rubidium cell. Further studies and 
experiments into additional advantages of the digital system also need to be done.  
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